Abstract. The gravitational instability, responsible for the formation of structure in the Universe occurs below energy thresholds and above spatial scales of a self-gravitating expanding region, when thermal energy can no longer counterbalance self-gravity. I argue that at sufficient large scales, dark energy may restore thermal stability. This stability re-entrance of an isothermal sphere defines a turnaround radius, which dictates the maximum allowed size of any structure generated by gravitational instability. On the opposite limit of high energies and small scales, I will show that an ideal, quantum or classical, self-gravitating gas is subject to a high-energy relativistic gravothermal instability. It occurs at sufficient high energy and small radii, when thermal energy cannot support its own gravitational attraction. Applications of the phenomenon include neutron stars and corecollapse supernovae. I also extend the original Oppenheimer-Volkov calculation of the maximum mass limit of ideal neutron cores to the non-zero temperature regime, relevant to the whole cooling stage from a hot proto-neutron star down to the final cold state.
Introduction
The self-gravitating, ideal gas is subject to an instability in the Newtonian gravity regime identified firstly at the year 1962 by Antonov [1] . It was further elaborated and given an interpretation a few years later by Lynden-Bell and Wood [2] . Under perturbations that preserve the energy, a self-gravitating, ideal gas sphere collapses if the total energy value is below a minimum negative threshold for fixed radius or equivalently if the radius value is above a maximum threshold for fixed negative energy. In particular for this Newtonian regime and for intermediate scales ranging from noncompact stars like red-giants to star clusters, stable equilibria do exist only if R < 0.335GM 2 /(−E), for E = E kinetic + U gravity < 0, while for E > 0 and assuming the system is bound by external pressure there exist equilibria for any R.
In this talk, I will complete the analysis of the self-gravitating ideal gas extending it to all scales, based on some of my contributions to the subject. In the very small scale, equivalently at high energies, general relativity becomes relevant and especially the weight of heat of Tolman [3, 4] intervenes, causing a high-energy gravothermal instability that I identified in Refs. [4, 5] . At big scales, dark energy becomes relevant. It restores thermodynamic stability due to its repulsive nature [6] [7] [8] .
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The Turnaround Radius
Consider a slowly expanding ideal gas sphere passing consecutively through thermal equilibrium states. Assume the gas' constituents interact gravitationally and that the total energy
remains constant and negative. This is because of the negative total gravitational energy contribution, which we assume to be dominating over kinetic energy contribution and therefore the system is bounded primarily by gravity and not external pressure. The gas cools down during expansion resulting to a condensation of the central parts because of the diminishing of thermal energy's ability to counter-balance gravity. Above some threshold maximum radius the thermal energy can no longer halt the collapse of the core. The system passes from stable equilibria with negative specific heat to unstable ones with positive specific heat, while the core becomes itself self-gravitating attaining negative specific heat [2] . A runaway effect sets in while heat transfer from the core to the halo cannot be reversed. However at even bigger scales, dark energy restores the stability of the equilibrium states [6] [7] [8] as depicted in Figure 1 (a). Therefore, a spherical non-homogeneous perturbation will decouple from the expansion and collapse only below a threshold radius, the turnaround radius (an incomplete list on the subject includes [9] [10] [11] [12] [13] [14] ). This radius estimated by equilibria of an isothermal sphere as we did in Refs. [6, 8] is smaller and thus stricter -rendering our estimation more accurate-than the one estimated considering only homogeneous equilibria (e.g. later was published [12] ).
Assuming an equation of state for dark energy of the form
we find in addition that quintessential dark energy (w > −1) favours the formation of structures with respect to the phantom-type dark energy (w < −1) as depicted in Figure 1 (b). The diagrams of Figure 1 are generated by solving numerically the following equation (for a general derivation see [8] and for the case w = −1 see [7] 
for several R boundary values keeping the total number of particles fixed. This equation is the modification of Emden equation due to dark energy, i.e. Poisson equation for a density corresponding to an isothermal distribution plus the constant energy density and gravitating pressure of dark energy [8] .
Relativistic Gravothermal Instability
If the self-gravitating classical ideal gas sphere we considered previously is now compressed at very small scales, General Relativity will come into play. The equation that describes now the thermodynamic equilibria is Tolman-Oppenheimer-Volkoff (TOV) equation
We will assume classical particles and therefore the equation of state of a classical ideal gas (see e.g. [4] for details). Figure 1 . Left: Thermodynamic equilibria of an ideal gas cannot exist below the turnaround radius R turn for a fixed energy E. We assume here a dark energy density with equation of state corresponding to the cosmological constant Λ. Its value can be estimated by this framework if one considers the typical energy of a perturbation and the smaller bound structures observed. Conversely, assuming the Λ value is measured by other means, this framework predicts the bigger gravitationally bound structures than may exist in the Universe. At even smaller scales R < R A stability is restored and stable equilibria do exist. Note that the turnaround radius predicted here thermodynamically is stricter and more accurate than the R H predicted considering only homogeneous equilibria. The figure is taken from [6] . Right: We consider a quintessential type of dark energy w = −0.8 and a phantomtype of dark energy w = −1.2. It is evident that the unstable domain is reduced for the phantom case. Therefore quintessence favours the formation of structure w.r.t. the phantom dark energy and the cosmological constant. The figure is taken from [8] .
I have shown [4, 15, 16] that TOV equation can be derived by the maximum entropy principle
together with the red-shift factor(!) assuming only the Hamiltonian constraint, equivalently the expression of the proper spatial volume d 3 x = 4πr 2 dr/ 1 − 2GM(r)/rc 2 and not the whole set of Einstein's equations. I identified the Lagrange multiplierβ = 1/kT as the, so called, Tolman temperature which corresponds to the surface temperature as measured by an observer at infinity. Tolman [3] was the first to discover that the local temperature is not constant in equilibrium if general relativity is taken into account. Thermal energy rearranges itself in order to balance its own gravitational attraction [17] . This results to a local temperature gradient at equilibrium and therefore it is not obvious which is the thermodynamically conjugate quantity of energy. I have shown, in agreement with Tolman's calculation, not only that the conjugate to energy is the quantityT related with the local temperature by the equationT = T (r) √ g tt = const.,
but in addition to his calculation I determined g tt
from maximum entropy principle [4] . In the same calculation it was proved also α = µ(r)/kT (r) = const. which leads to Klein's [18] relation if combined with (6) .
EPJ Web of Conferences The figure is taken from [5] . Right: The specific heat w.r.t. the density contrast for ξ = 0.1. The high energy gravothermal instability sets in at point ∆ when the specific heat passes from negative, corresponding to stable equilibria, to positive values. At point Σ the density contrast attains a minimum. The dashed curve corresponds to the spiral of the low-energy gravothermal instability, that is the upper spiral of the left panel. The figure is taken from [4] .
(a) Critical radius (b) Critical mass and compactness Figure 3 . Left: The stability domain of scales for a classical, self-gravitating ideal gas under constant energy conditions. For higher than 0.015Nmc 2 and negative fixed value of gravothermal energy there exist two marginal radii, in between which stable equilibria do exist. The minimum corresponds to the high-energy gravothermal instability, while the maximum to the low-energy one. The figure is taken from [4] . Right: The stability domain of compactness. For every fixed rest mass compactness there exist two marginal mass or compactness values, in between which stable equilibria do exist. The maximum corresponds to the high-energy gravothermal instability and the minimum to the low-energy one. No equilibria exist for rest compactness above 0.35 and compactness above 0.5 under any conditions. The figure is taken from [4] . Now, imagine that we compress the self-gravitating, classical ideal gas sphere. The gas heats up and the mass density profile gets less steep tending to a constant density. However, we will reach a point (called Σ in Figure 2(b) ) beyond which any compression causes a steepening of the mass density profile. Relativity has started to operate. Thermal mass, i.e. kinetic energy of the random movement ICNFP 2018 of particles, concentrates to the center in order to generate a density gradient to counterbalance its own gravitational attraction. The thermal core becomes bound by its own gravity and eventually we reach a point (called ∆ in Figure 2(b) ) when an instability sets in, the high energy gravothermal instability. The core decouples from the outer regions -the halo-and collapses due to a runaway heat transfer from the core to the halo.
The caloric curve, i.e. the temperature vs energy diagram, attains the form of a double spiral designated in Figure 2(a) and discovered for the first time in Ref. [5] . The upper spiral corresponds to the low-energy gravothermal instability and the lower spiral to the high-energy gravothermal instability. The intensity of relativistic effects is controlled by the rest mass compactness
As ξ is increased the stability domain is decreased and the two spirals approach each other. They merge to a single point at ξ max = 0.35, above which no equilibria exist. If the gravothermal energy
is negative, but sufficiently high so that stable equilibria do exist, there appear two critical radii which delimit the stable domain shown in Figure 3 (a). The maximum radius corresponds to the (Antonov-type) low-energy gravothermal instability and the minimum radius signifies the relativistic gravothermal instability. The two critical radii merge at the ultra minimum gravothermal energy E min = −0.015Nmc 2 , below which no equilibria exist. For positive gravothermal energy E there appears only the relativistic gravothermal instability.
In Figure 3 (b) is depicted the stable domain w.r.t. the compactness of the system, namely the energy over radius. In a core-collapse supernova (e.g. [19] [20] [21] ) the core of a dead star collapses and is heated up during the collapse. It may be halted at densities above the normal nuclear density with a bounce. If the core at the time of the bounce lies in the unstable domain of Figure 3(b) , the high-energy gravothermal instability will set in and collapse will not be halted [4] .
Mass Limit of Thermal Neutron Cores
Let us introduce now quantum effects and especially focus on the case of fermions. The equation of state of relativistic Fermi, ideal gas at any temperature is defined by the set of equations (see e.g. [22] )
where we denote b(r) = mc 2 /kT , ρ = M/V the total (relativistic) mass density of the system and n = N/V the rest mass density (consult also [23] ). In Ref. [24] we have shown that the high-energy gravothermal instability persists in the case of fermions and under any control parameters' values revealing its universal character.
Oppenheimer & Volkoff [25] determined the maximum mass M OV = 0.7M ⊙ of an ideal neutron core at zero temperature T = 0 considering a zero pressure as boundary condition. In Ref. [23] I EPJ Web of Conferences generalized to all temperatures the original calculation of Oppenheimer & Volkoff. I demanded the boundary density of the system to be the maximum density that heavy nuclei can exist, equivalently the minimum density for which the core is populated dominantly by neutrons. Namely, I assumed ρ R = 1.4 × 10 14 gr/cm 3 , that is half the normal nuclear density. Then, I calculated the mass-radius profiles and determined the maximum mass for several temperature values. The result is plotted in Figure 4 . At low T the Oppenheimer-Volkoff limit (0.7M ⊙ ) is recovered, while at high T the classical limit (2.4M ⊙ ) [5] is recovered. This calculation fills an apparent gap in the literature. It presents the efficiency of only degeneracy and neutrons' thermal pressures to resist gravity, neglecting other more involved effects. It corresponds to the whole cooling stage of the core starting from the moment of the bounce of a corecollapse supernova incident down to the final cold neutron star. The curve of Figure 4 (a) may serve as the idealized framework w.r.t. which more realistic, involved models (nuclear forces, neutrinos, etc.) of hot cores [26, 27] can be compared. This allows to measure the efficiency of solely other effects which will add up to the, now completely determined, primary ones of quantum degeneracy and thermal energy.
It also reveals that nuclear forces inside the hot core [26, 27] play a dominant role in stabilizing it up to temperature of few tens MeV. I find that neutrons' degeneracy and thermal pressures alone can stabilize a thermal core of mass 1.4M ⊙ only above neutrons' temperatures ∼ 50MeV and more and therefore nuclear forces should necessarily intervene to balance the core at these temperatures. Cores of mass 1.4 − 2.0M ⊙ can be stabilized solely by neutron's thermal pressure at neutrons' temperatures 50 − 180MeV. Thus, if the core at the moment of the bounce reaches such temperatures it is stabilized primarily by thermal pressure. However, as we have seen at previous section, the compactness should be within the stable domain of Figure 3(b) orelse the core will undergo a high-energy relativistic instability and collapse. Notice that the rest mass presents a maximum at M max = 2M ⊙ for which M rest = 1.6M ⊙ (Figure 4(b) ), corresponding to temperature of 180MeV and radius 14.4km. It is intriguing that mass and radius values are close to observations. However, temperature values are overestimated mainly because neutrino trapping is not taken into account.
